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The hat guessing game involves n players who are identified with the vertices of a graph.
Each player wears a hat which is one of q possible colors. Players can observe the
colors of the hats worn by their neighbors on the graph but cannot observe the color
of their own hat. All of the players simultaneously guess their own hat color according
to a predetermined strategy which can depend on the colors of the hats worn by their
neighbors. The hat guessing number HG(G) of a graph G is the largest integer q such
that there exists a guessing strategy which guarantees that at least one player guesses
correctly no matter which colors are assigned.

For a strictly positive integer d, a vertex v is d-removable in G if (i) v has degree at
most d in G and (ii) v has at most one neighbor in G with degree strictly more than d.
G is strongly d-degenerate if every nonempty subgraph G′ of G contains a vertex which
is d-removable in G′.

The main result of the paper [Theorem 1.2] is that every strongly d-degenerate graph
G satisfies HG(G) ≤ (2d)d.

The proof involves considering an extension of the hat guessing game in which a
player may guess more than one color for his hat. For a given graph, allowing multiple
guesses cannot decrease the hat guessing number, so any upper bound on HG(G) for a
game with multiple guesses is also a bound on the game with a single guess. Thus, the
proof proceeds by showing a bound on specific games with multiple guesses.

Consider G such that vertices with degree more than d have a single guess and vertices
with degree dG(v) ≤ d have (2d)d−dG(v) guesses.

The proof is by induction on the number of vertices in G.
For a single vertex/player, we have dG(v) = 0, so this player has (2d)d guesses,

implying a hat guessing number of (2d)d.
The induction step involves removing a d-removable vertex w from G to obtain G′

and updating the number of guesses as above. This gives additional guesses to neighbors
of w in G; as for v neighboring w in G, we have dG′(v) < dG(v) and therefore

(2d)d−dG′ (v) > (2d)d−dG(v).

It is shown that these additional guesses are sufficient and that moving from the game
with G to the game with G′ does not decrease the hat guessing number. Therefore an
upper bound on the hat guessing number that applies to G′ also applies to G. This
completes the induction. Jonathan Newton

[References]

1. N. Alon, O. Ben-Eliezer, C. Shangguan, and I. Tamo, The hat guessing
number of graphs, J. Combin. Theory Ser. B, 144 (2020), pp. 119–149. MR4115536

2. N. Alon and J. Chizewer, On the Hat Guessing Number of Graphs, preprint,
arXiv:2107. 05995, 2021. MR4360281

3. B. Bollobás and A. Thomason, Proof of a conjecture of Mader, Erdös and
Hajnal on topological complete subgraphs, Eur. J. Combin., 19 (1998), pp. 883–887.
MR1657911

4. B. Bosek, A. Dudek, M. Farnik, J. Grytczuk, and P. Mazur, Hat chromatic
number of graphs, Discrete Math., 344 (2021), 112620. MR4311511



Results from MathSciNet: Mathematical Reviews on the Web
c© Copyright American Mathematical Society 2024

5. P. Bradshaw, On the Hat Guessing Number and Guaranteed Subgraphs, preprint,
arXiv:2109. 13422, 2021. MR4426098

6. P. Bradshaw, On the Hat Guessing Number of a Planar Graph Class, preprint,
arXiv:2106. 01480, 2021. MR4426098

7. S. Butler, M. T. Hajiaghayi, R. D. Kleinberg, and T. Leighton, Hat guess-
ing games, SIAM Rev., 51 (2009), pp. 399–413, https://doi.org/10.1137/080743470.
MR2505586
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